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1.1 Main Theorem

Theorem 1.1 (M.Kapovich, B.Kleiner, 1999). Let G be a hyperbolic group that does not split over a finite
or virtually cyclic group, i.e,

G 6= H ∗F N

where F is finite or virtually cyclic. If G has topolgoically 1-dimensional boundary, then ∂∞G is either
homeomorphic to a Sierpinski carpet, a Menger curve, or S1.

Recall the following definitions:

• Gromov Hyperbolic: A group is (word/Gromov) hyperbolic if it is finitely generated and its Caylay
graph X (with respect to some generating set S ) equipped with the graph metric is a hyperbolic space
in the sense of Gromov, i.e, the triangles are all δ-thin. (note this definition is independent of the
choice of the generating set because any two such Cayley graphs are quasi-isometric to each other).

• Topological dimension 1: this is the Lebesgue covering dimension. The covering dimension of a
topological space X is the smallest number n such that every open cover C of X has an open refinement
C ′ such that each point of the space belongs to at most n+ 1 sets in the cover.

1.2 Definitions

1. Sierpinski Carpet

Theorem 1.2 (Whyburn, 1958). Any compact metrizable planar curve satisfying the following cri-
teria is a Sierpinski carpet:

(a) Having topological dimension one;

(b) Connected and locally connected;

(c) Having no local cut points (meaning that we cannot make any open subset disconnected by removing
a point)

Universal Property of the Sierpinski Carpet

The Sierpinski Carpet is a universal planar curve, meaning that it is a compact subset of the plane with
Lebesque covering dimension 1, and any curve with such property is homeomorphic to some subset of
the Sierpinski carpet. (this includes trees and graphs with potentially arbitrary countable number of
edges, vertices and closed loops).

2. The Menger Curve

Monger curve is the 3-dimensional analogue of the Sierpinski carpet: take 3 copies of the Sierpinski
carpet times the unit interval S × I and put them in a unit cube along the x, y, z direction. The
intersection is the Menger curve (See figure below).
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Theorem 1.3. Any compact metrizable nowhere planar space satisfying the following properties is
a Menger curve:

(a) Having topological dimension one;

(b) Connected and locally connected

(c) Having no local cut points.

Note: having topological dimension one here means we can look at arbitrarily small pices of the
Menger curve, thicken them and expect to see no triple intersections.

Universal Property of the Menger Curve

1.3 Proof of the Main Theorem

To prove the theorem, we only need to translate the conditions on the group to topological properties of the
boundary, and that these properties satisfy the criteria for a Sierpinski carpet or a Menger Curve.

Now let’s see how the conditions on the group implies each of these properties:

1. Gromov Hyperbolic ⇒ ∂∞G is compact metrizable.

2. No splitting over finite or virtually cyclic group ⇒ ∂∞G is connected, and hence does not have global
cut-points, and hence is locally connected (reference to the theory of ”ends of groups”).

3. Not S1 ⇒ ∂∞G has no local cut points

Brief Reasons for 1, 2, 3

1. The boundary of any locally compact Gromov hyperbolic space is a compact metrizable space. In fact,
all compact metrizable spaces arise in this way.

When X is the cayley graph of a Gromov hyperbolic group G, we know ∂∞X ' ∂∞G is either perfect,
or has one or two points (in which case they are called elementary).

2. G does not split over a finite group implies that G is one-ended and ∂∞G is connected

Theorem 1.4 (Stallings, 1968, 1971). A finitely generated group G has more than one end iff G admits
a nontrivial decomposition as an amalgamated free product or an HNN extension over a finite group.

For a graph Γ, the number of ends is the number of connected components at infinity of Γ. If e(Γ) =
m < ∞, then for any finite set F of edges of Γ there exists a finite set K of edges with F ⊂ K such
that Γ−K has exactly m infinite connected components.

The ends of a group is the ends of the Cayley group of G with respect to a generating set S. Again,
the number of ends does not depend on S.

[Bestvina, Bowditch, Swarup]: the boundary of a one-ended hyperbolic group is locally connected and
has no global cut points.

3. If G has local cut points, then either

• ∂∞G ' S1, or

• G splits over a virtually infinite cyclic subgroup.
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Proof. of Main Theorem

It remains to show that for such groups, the boundary satisfies the dichotomy that it is either planar or
nowhere planar.

Suppose ∂∞G is not nowhere planar, then ∃ some ζ ∈ ∂∞G such that ζ has a planar nbhd U .

We prove the following lemma:

Lemma 1.5. Let Γ ⊂ ∂∞G be a subset homeomorphic to a finite graph. Then Γ is a planar graph.

Proof. First note that since G is Gromov hyperbolic, it acts by isometries on its Cayley graph and hence
the action extends to the boundary by homeomorphisms. In fact, the action of G on ∂∞G is minimal (i.e,
the G-orbit of any point is dense).

Because of this, every G-orbit intersects the planar neighborhood U . Hence every point has a planar
neighborhood.

Since ∂∞G has no local cut points, we observe that ∂∞G − Γ 6= ∅. Hence we can find g ∈ G whose
fixed points p1, p2 ∈ ∂∞G are disjoint from Γ. Then for sufficiently large n, gn(Γ) is contained in a planar
neighborhood of p1 or p2.

A previously known result says that a compact, metrizable, connected, locally connected space X with
no global cut points is planar as long as no non-planar graph embeds in X. Hence ∂∞G is planar, and
therefore a Sierpinski carpet.


